In this work for the first time we enumerate unlabelled maps on orientable genus g surfaces with respect to all homeomorphisms, including both orientation-preserving and orientationreversing. We show that in the latter case as an intermediate step one has to enumerate rooted maps of a special kind (quotient maps) on orientable and non-orientable surfaces possibly having a boundary and a certain number of branch points. In this work we develop a special technique for enumerating such maps.
Introduction
By a topological map M on a surface we will mean an embedding of a connected graph G, loops and multiple edges allowed, into a compact 2-dimensional surface S, such that G is as a subset of S, and its complement S \ G is homeomorphic to a set of topological polygons. These polygons are the faces of the map M which also has some amount v of vertices (points on the surface S) and n of edges (nonintersecting curves on the surface that have no common points other than the vertices of the graph). A map is rooted if one of its semi-edges is distinguished and one of two possible local orientations of the surface in the neighborhood of this semi-edge is chosen. The vertex this semi-edge is incident to will often be referred to as the root vertex.
William Tutte noted (see, for example [1] ) that a map with a distinguished root semi-edge always has a trivial symmetry group. In the series of his "census" papers he derived formulas for enumerating rooted planar maps with n edges [1] , rooted 3-regular maps [2] , rooted eulerian maps [3] , and some other classes maps on the sphere. The first work devoted to the enumeration of rooted maps on surfaces of an arbitrary genus g > 0 was the paper [4] of Walsh and Lehman. Using Tutte's approach for enumerating planar maps, the authors derived a recurrence relation for the numbers of rooted maps and calculated the first terms of the corresponding sequences. In addition, they provided an explicit expression for the number of one-face maps with n edges on a surface of genus g, as well as a formula for the number of such maps with a prescribed list of vertex degrees. The next step in enumerating rooted maps on surfaces was done by Bender and Canfield. In [5] they derived a system of equations for generation functions that enumerates rooted maps on orientable and non-orientable surfaces, and found the asymptotics of the corresponding sequences. In [6] D. Arques used the method of [5] to obtain closed-form formulas for the number of rooted toroidal maps with n edges and for the number of rooted toroidal maps with v vertices and f faces. In [7] Bender, Canfield and Robinson independently from Arques enumerated rooted maps on the torus and the projective plane, derived some explicit expressions for the corresponding generation functions and analyzed the asymptotic behavior of their coefficients. In [8] a generation function was obtained for the number of rooted maps of genera 2 and 3 with n edges. Some recent results regarding enumeration of rooted maps on surfaces of higher genera can be found in [9] and [10] .
Two topological maps M 1 and M 2 on some surface are said to be equivalent if there exists a homeomorphism h of the surface into itself that transforms the edges, vertices and faces of one map into the corresponding elements of the other map. By a sensed (unsensed) map we mean an equivalence class of maps where the equivalence relation is given by sense-preserving (sense-preserving or sense-reversing) map homeomorphisms.
(a) (b) Figure 1 A general technique for counting sensed maps on orientable surfaces was developed in the papers [11, 12] and applied to enumeration of arbitrary maps [12] , regular maps [13] , hypermaps [14] and one-face regular maps [15] . This technique reduces the enumerating problem for sensed maps to counting so called quotient maps on orbifolds, maps on quotients of a surface under a finite group of automorphisms. Consider as an example a map on a torus symmetric with respect to a rotation by 90
• (see Figure 1 (a)). It is convenient to depict such map using the representation of the torus as a square with its opposite sides identified pairwise (Figure 1(b) ). The rotation by 90
• is the simplest example of a homeomorphism with the period L = 4 which preserves the surface orientation. This rotation splits the set of the torus' points into two subsets, an infinite set of points in the general position and a finite set of singular points (Figure 2 (a) ). Points in the general position are those that lie on an orbit of length L = 4. Singular points are the remaining ones, and they necessary lie on an orbit of smaller length. In our example there are four singular points: x, z, y 1 and y 2 . The former two of them are fixed, and the latter two are transformed into each other by the rotation by 90
• . Identifying points that lie on the same orbit of this action, we obtain a sphere (Figure 2 (b) ). The branch points (Figure 2 (b) , points x, y, z) on this sphere are the images of torus' singular points. The above-described construction can be thought of as a 4-fold branched covering of the sphere O by the torus X from the topological point of view. This transformation maps the symmetric map on the torus onto a so-called quotient map on the sphere (see Figure ( 2)), and the problem of enumerating toroidal maps possessing a certain symmetry is reduced to the problem of enumerating rooted quotient maps on the sphere with additional branch points, which is called an orbifold. Now consider a map M on the torus depicted on the Figure 3(a) . This map is transformed into itself under the action of the reflection with respect to the axis i, which is the simplest example of a periodic orientation-reversing homeomorphism. The corresponding quotient map M on an orbifold O is actually a quotient map on the annulus (Figure 3(b) ). It can be seen that the boundary of an orbifold may contain vertices (vertices x 1 , x 2 and x 3 on Figure 3(b) ) and/or edges (edges e 3 and e 4 on Figure 3(b) ). In addition, the edges e 1 and e 2 on the torus that cross the axis of symmetry correspond to so called halfedges of the quotient map M on the annulus. Consequently, taking periodic orientation-reversing homeomorphisms into account makes in necessary to enumerate quotient maps on surfaces with a boundary, and in more complex cases on orientable and nonorientable surfaces with or without a boundary and with possible branch points. Figure 3 Note that several different homeomorphisms may yield the same orbifold. For example, the sphere with three branch points depicted on Figure 2 (b) corresponds to rotations of the torus by 90
• and by 270
• . A technique for counting different orientation-preserving homeomorphisms that correspond to the same orbifold was developed by Mednykh and Nedela in [12] . In that paper the problem was reduced to determining the numbers of order-preserving epimorphisms from fundamental groups of orbifolds to cyclic groups. The case of orientation-reversing homeomorphisms was analyzed in the paper [16] . In the present article we extend these results and obtain the formulas for the numbers of order-and-orientation-preserving epimorphisms from fundamental groups of orbifolds to cyclic groups with sign structure. Then, using Tutte's approach [1, 17] , we obtain a system of recurrence relations for counting quotient maps on orientable and non-orientable surfaces with a boundary that arise as orbifolds when considering symmetries that reverse surface orientation. These results allow us to solve the problem of enumerating maps on orientable surfaces of a given genus g with respect to all homeomorphisms, including orientation-reversing. To the best of our knowledge there are no published analytic results on the enumeration of genus g maps with respect to all homeomorphisms.
Combinatorial and algebraic descriptions of maps
Along with a topological definition of a map we will also need a combinatorial one. Since we will have to deal with both orientable and non-orientable surfaces, we will use the approach described in [18] . Namely by a combinatorial unsensed map we mean a quadruple (F ; l, r, t), where l, r, t is a transitive subgroup of the symmetric group S F , and l 2 = r 2 = t 2 = (tl) 2 = 1. The elements of F are called flags, the respective orbits of (r, t), (t, l) and (r, l) are vertices, edges and faces.
Such maps also admit an algebraic description [19] . Namely, consider the group
For a given map (F ; l, r, t) the mapping λ → l, ρ → r and τ → t extends to an epimorphism Φ of the group ∆ to the group l, r, t , acting of F according to the rule z By a group with sign structure we denote a pair (G, ω), where G is a group and ω is a homomorphism from G to ({+1, −1}, ×). Another way to define a group with sign structure is to take a pair (G, G + ) where G + is a subgroup of G that defines positive elements. For the group ∆ as the group ∆ + we will use the subgroup ρτ, τ λ of index 2. Note that subgroups K + of index n in ∆ + define sensed maps with n darts.
In 2008 Mednykh [20] obtained the following important formula for counting conjugacy classes of subgroups of a given index. Theorem 1.1. Let Γ be a finitely generated group, P be some set of subgroups of Γ closed under conjugation. Denote by Epi P (K, Z l ) the number of epimorphisms from a subgroup K of Γ into Z l with kernel in P. Then the number c n (Γ) of conjugacy classes of index n subgroups in P is equal to
Theorem 1.1 used in conjunction with the above-mentioned correspondence between conjugacy classes of subgroups of index n and unrooted maps allows to obtain an explicit formula for enumerating sensed and unsensed maps. Namely, in the articles [14] , [12] it is shown how to apply theorem 1.1 to derive the following formula for counting sensed maps on genus g surfaces:
Here ν O (m) is the number of rooted quotient maps on the orbifold O with m darts, corresponding to maps on the surface X g of genus g, O runs through all orientation preserving cyclic orbifolds Orb(X g /Z l ) of X with period l, and Epi o (π 1 (O), Z l ) is the number of order preserving epimorphisms from fundamental group π 1 (O) of the orbifold O onto the cyclic group Z l .
In [16] it was shown how to generalize these results to enumerate unsensed maps. We will write K − to denote a subgroup of ∆ which is not a subgroup of ∆ + . Then a result analogous to 1.1, but for the group (∆, ∆ + ) with a sign structure, is the formula
Here we assume that the group Z 2l is endowed with a sign structure (Z 2l , Z l ) that defines the sign based on element parity.
The formula (2) used together with the correspondence between conjugacy classes of subgroups of index n and unrooted maps with n flags allows us to obtain a result analogous to (1) for unsensed maps on a surface X of a given genus g. In order to do that, as the subset P of subgroups of index n in ∆ we will take torsion free subgroups corresponding to maps M on a surface X g of genus g. Considerations analogous to those used to prove [14, Theorem 3.3] allow to derive from (2) the following expression for the numberν g (n) of unrooted maps with n edges:
Here Epi
) is the number of order-and-orientation-preserving epimorphisms from the fundamental group π 1 (O) of the orbifold O which is endowed with the sign structure defined by some
) is the set cyclic orbifolds of X with period 2l arising from orientation-reversing homomorphisms, and ν O (m) is the number of quotient maps with 2m flags on the orbifold O.
From [21] it follows that for an orientable surface X g without a boundary such an orbifold O can have r branch points x 1 , . . . , x r of branch indices m 1 , . . . , m r which are divisors of n, and be either an orientable surface with h > 0 boundary components or a non-orientable surface with h 0 boundary components. Orientable orbifold has g handles, and non-orientable orbifold has g cross-caps. The fundamental group π 1 (O) with sign structure for an orientable orbifold O is generated by the elements (see [21, Proposition 2])
and is endowed with a sign structure defined by a homomorphism σ :
For a non-orientable orbifold the list of generators has the form x 1 , . . . , x r , c 1 , . . . , c h , e 1 , . . . , e h , a 1 , . . . , a g , the relations are
and the sign structure is defined by σ as
Finally, the parameters of an orbifold O and the genus g of the original surface X g are related by the Riemann-Hurwitz formula
where α = 2 if O is orientable and α = 1 if O is non-orientable.
In order to enumerate unrooted maps by the formula (3) we should solve three sub-problems: find the set Orb − (X g /Z 2l ) of suitable cyclic orbifolds for a given orientable surface X g , determine the number Epi
) of order-and orientation-preserving epimorphisms from the fundamental group π 1 (O) with a sign structure into (Z 2l , Z l ), and also find the number of quotient maps ν O (m) on these orbifolds. In this section we will solve the first two problems.
The first problem can be solved with the Riemann-Hurwitz formula (8) and with some additional constraints on the number l that appears in the formula. For g 2 it will be sufficient to use the following upper bound for this parameter ([21, Corollary 2]):
For a sphere and a torus the parameter 2l can be bounded by the number 2n of darts of a map M on the surface. Having this upper bound on l, we can iterate over all suitable values of g, h, r and m i and hence obtain a finite list of signatures of possible orbifolds which will contain some excess.
Then for each such signature of an orbifold O we should calculate the number Epi
) of order-and-orientation-preserving epimorphisms from π 1 (O) to Z 2l and retain only those that have a non-zero number of such epimorphisms.
As shown in [22] (see also [16] ), the numbers Epi
can be expressed using inclusionexclusion principle through the numbers Hom
The problem of determining the numbers Hom + o (π 1 (O), Z 2l ) in its turn can be solved much easier than the analogous problem for epimorphisms.
We should consider three different cases for an orbifold O: the case of a non-orientable surface without a boundary, the case of an orientable surface with h > 0 boundary components, and the case of a non-orientable surface with h boundary components. We begin with the first case. The fundamental group π 1 (O) of a non-orientable surface without a boundary has the following form:
Under a homomorphism ψ : π 1 (O) → Z 2d that preserves the orders m i of branch points, the first two equalities are transformed into relations
Since the homomorphism ψ also preserves the sign, equalities σ(x i ) = +1 and σ(a k ) = −1 rewritten for the group Z 2d are transformed into conditions
Each z i must be even, so the equality gcd(z i , 2d) = 2d/m i can be rewritten for z
The number of different values of z ′ i that satisfy it, is equal to ϕ(m i ), where ϕ(n) is the Euler's function. It remains to satisfy the equality
where
for arbitrary z ′ . The latter equation, in its turn, can be rewritten as
where s ∈ {z ′ , z ′ + d}. All ψ(a k ) are odd, so the sum in the left-hand side has a fixed parity equal to the parity of g.
Further considerations depend on the parity of d. If d is odd, the numbers z ′ and z ′ + d have different parity. Consequently, exactly one of them has the same parity as g. Then, choosing the first g − 1 numbers ψ(a k ) arbitrarily, we uniquely identify the last number ψ(a g ) from (10) . It follows that the equation (10) has d g−1 solutions for any z ′ , and
Consequently, for an odd l
so for the number of order-and-orientation-preserving epimorphisms we have the formula
where J k (n) is the Jordan's totient function.
For an even d the numbers z ′ and z ′ + d have the same parity. Consequently, if they have the same parity as g, we have
Otherwise, the number of such homomorphisms is equal to 0.
It turns out that the parity of z ′ and z ′ + d is determined by the set of numbers m i . Indeed, from the formula (9) it follows that for an even d the parities of z The number of epimorphisms for an even l is equal to
As opposed to the case of an odd l, the condition of l
is an odd number, and the number of epimorphisms is equal to
where l is even. Now assume that the orbifold O is an orientable surface of genus g with h > 0 boundary components. Under a homomorphism ψ : π 1 (O) → Z 2d the first two equalities in (4) are transformed into
the condition [c j , e j ] = 1 is satisfied in Z 2d trivially, and the equality c 2 j = 1 together with σ(c j ) = −1 can be rewritten as ψ(c j ) = d where d is odd. Then from the first equality in (15) it follows that all ψ(x i ) and also ψ(e j ), j = 1, . . . , h − 1, can be chosen arbitrarily. Then if the left hand side of the equation is equal to 0, ψ(e h ) is uniquely defined. Consequently,
and hence
For a non-orientable surface with g crosscaps and h boundary components, the first relation in (6) under a homomorpism ψ : Table 1 : Orientation-reversing orbifolds of genus g surfaces As in the previous case, ψ(x i ) and ψ(a k ), as well as the first h − 1 numbers ψ(e j ) can be chosen arbitrarily. It follows that the number of epimorphisms can also be expressed as
It's easy to see that the formulas (11), (16) and (17) have the same form. Consequently, they all can be unified and written as
where χ is the Euler's characteristics of the orbifold O.
Using the results obtained in this section one can generate a list of orbifolds and the corresponding numbers of order-and-orientation-preserving epimorphisms for a given genus g of the orientable surface X. In the table 1 we provide the corresponding lists for surfaces of genera 2, 3, 4, 5. In addition, the authors have implemented a program which can extend this list up to a given genus g. This program can be found at https://github.com/krasko/o_r_orbifolds.
Quotient maps on bordered orbifolds
In this section we turn to the problem of determining the numbers ν O (n) of quotient maps on an orbifold O. Relatively to maps on closed surfaces, quotient maps may possess a number of peculiarities [16] . Namely, a boundary component of an orbifold may contain vertices (vertices x 1 , x 2 and x 3 on Figure 4 ) and/or edges (edge e 1 on Figure 4 ) of the map. In addition, some edges may end on the boundary (edges e 5 , e 6 on Figure 4) ; they'll be called halfedges. Next, some edges may end with branch points of index 2; they'll be called semiedges. Normal edges (e 2 , e 3 , e 4 on Figure  4 ) will be called complete edges, and edges lying entirely on the boundary (e 1 on Figure 4 ) will be called boundary edges. Darts of boundary edges will be called boundary darts. When counting darts for a given quotient map, each semiedge, halfedge and boundary edge counts as 1 dart, and every complete edge counts as 2 darts. Figure 4 Quotient maps have one more important property related to their faces. In the general case, each face must be a simply connected domain that intersects with not more than one boundary component by not more than one segment. This limitation is needed to ensure that on the map M on the original orientable surface X each face is topologically homeomorphic to a disc.
It will be convenient to consider the case of orientable orbifolds first. Next we will extend the solutions obtained on this step to solve the problem of enumerating quotient maps on non-orientable orbifolds.
Orientable orbifolds
The simplest example of a bordered orientabe orbifold is a disc, a sphere with a hole in it. On this example we will demonstrate the basic principles of deriving recurrence relations determining the numbers of quotient maps on bordered orientable surfaces. We will use the approach introduced by Tutte [1] which is based on contracting the root edge.
The recurrence relations will be different depending on the location of the root dart. First we consider the case when the root dart is incident to a vertex on the boundary, but does not lie on the boundary itself. Without loss of generality, we will assume that the root dart is the leftmost dart incident to the root vertex. The number d (0) n,k of such quotient maps with n darts and the root vertex of degree k can be expressed as follows: Figure 5 Here d
n,k is the number of quotient maps on a disc with the root dart that belongs to a boundary edge, k other darts incident to the root which all lie in the interior of the disc, n darts in total; s n,k is the number of maps with n darts and the root vertex of degree k on a sphere.
Indeed, the first summand in (19) corresponds to the case of the root dart being a halfedge ( Figure  5(a) ). Contracting this dart yields a map with the number of darts and the degree of the root vertex decreased by 1. The second summand in (19) corresponds to contracting a root edge that joins the root vertex x and an internal vertex y ( Figure 5(b) ). The number of darts is decreased by two in this case, and the new degree of the root vertex becomes equal to the sum of those of x and y minus two. In the third case the root edge is a loop (Figure 5(c) ). Contracting this loop splits the map into two maps, one on a disc and one on a sphere. The double summation iterates over all possible degrees of the new root vertices and the distribution of darts among the two maps. Finally, the third summand corresponds to contracting an edge that connects the root vertex x with another vertex y on the boundary (Figure 5(d) ). In the general case, the non-root vertex y may have (1) or not have (0) a boundary edge on either side. Consequently, we have 4 different options described by the indices i 1 and i 2 . The index k ′′ enumerates darts incident to y that lie to the left of the root edge; the index k ′ enumerates all darts incident to y except for possible boundary edges and the dart that belongs to the root edge.
The number d (1) n,k of maps in which the root dart is the only boundary dart incident to x (see Figure  5 (e)) can be counted as
Indeed, contracting the root boundary edge {x, y} yields, depending on the number of boundary edges incident to y, a map with n − 1 darts with (d
n−1,k+k ′ ) a boundary edge incident to the root. The index k ′ stands for the number of darts incident to y lying in the interior of the disc.
Finally, the number d (2) n,k of rooted quotient maps that have two boundary darts incident to the root vertex x is calculated by the formula
Here, the summand s n−1,k corresponds to the case when the root boundary edge is a loop (see Figure  5 (f)): contracting this loops yields a map on a sphere with n − 1 darts and the root vertex of degree k.
It remains to derive a formula for the numbers d n,k of rooted quotient maps with the root vertex lying in the interior of the disk. Considerations similar to those used for deriving (19) show that the expression for d n,k has the form:
The multiplier 2 in the third summand appears because the root edge which is a loop can be oriented in two possible ways. The final summand corresponds to contracting an edge {x, y} where y lies on the boundary. The multiplier k ′ + 1 denotes the number of non-boundary darts, incident to y. Since we assumed that the root dart incident to the new root vertex will always be the leftmost dart, k ′ + 1 different quotient maps will be reduced to the same map with the root vertex lying on the boundary.
A disc is the simplest example of an orientable surface with a boundary. In order to use the approach of Tutte in the general case of a sphere with g handles and h boundary components, we will need to overcome a number of technical difficulties. To conclude what parameters the recurrence relations should depend on, next we describe some of them.
First assume that a map contains a loop that wraps h 1 boundary components and g 1 handles ( fig.  6(a) ). Contracting this loop yields two surfaces with maps on them. We have encountered a special case of this situation for the disc: contracting a loop yields a new disc and a sphere. Consequently, besides the numbers n of darts and the degree k of the root vertex, we also need to keep track of the numbers h of boundary components and g of handles. Now assume that the root edge is a loop wrapping a handle (Figure 7(b) ). Contracting this loop splits the root vertex of degree k into two vertices with the sum of degrees equal to k − 2. For example, contracting a torus along its meridian yields a sphere with two distinguished vertices. In the general case, multiple applications of this procedure may yield m internal distinguished vertices and we have to track their degrees.
The third difficulty stems from the possibility of joining two boundary components or splitting a boundary component into two. The former case takes place when the root vertex connects two vertices on two different boundary components (Figure 6(c) ). Contracting it merges these boundary components. In addition to the root vertex, a new distinguished vertex appears on the boundary, and we have to keep track of boundary edges incident to it. The latter case happens when the root edge wraps a handle, both vertices incident to it lie on the same boundary and they are distinct ( Figure 6(d) ). After contracting the root edge there appears a new distinguished vertex which lies on a separate boundary component. Consequently, we have to keep track of the list of distinguished vertices on each boundary component; each such vertex will be characterized by the presence or absence of boundary darts on each side. The final difficulty is the possible presence of branch points on orbifolds. For surfaces without a boundary, branch points may fall into vertices, faces and dangling semi-edges of quotient maps. It is possible to get rid of branch points in dangling semi-edges using a combinatorial approach of double counting [12] . Using the Euler-Poincare formula one can then determine the total number of faces and vertices in a quotient map and reduce the problem of enumerating quotient maps to the problem of enumerating maps on surfaces without branch points.
As shown in [16] , orbifolds with a boundary arising as quotients of orientable surfaces can't have dangling semi-edges ending in branch points. However, the presence of a boundary makes it impossible to uniquely determine the number of faces and vertices which can coincide with branch points. Consequently, in this case we have to introduce one more parameter that would track the overall number of vertices and faces in the interior of the surface. So, the recurrence relations for the numbers of quotient maps on orientable surfaces with h boundary components and g handles will also depend on the number n of darts, the degree k of the root vertex, the list of m degrees of internal vertices, and also on the lists of distinguished vertices for each of h boundary components together with the information about boundary darts for each such vertex. If h > 0, they will also depend on the number of interior faces and vertices. Figure 7 Next we will describe a schema for obtaining these recurrence relations. Conceptually, it will be sufficient to consider two recurrence relations differing in the position of the root vertex. The first relation corresponds to the case of the root vertex x located in the interior of a surface. We have to consider five different situations:
(a) The root dart is a half edge, that is, it ends on a boundary (Figure 7 (h) The root edge is a boundary edge (Figure 8(h) ); it could be a loop or not.
Non-orientable orbifolds
A non-orientable surface is a sphere with l + h boundary components, l of which (l > 0) are glued with cross-caps. The number of different options for the position of the root edge is even bigger for non-orientable surfaces. As an example, consider maps on a Möbius band (l = h = 1) having the root vertex on the boundary and having no boundary edges incident to the root vertex ( Figure 9 ; it will be convenient to use the representation of a Möbius band as an annulus with a cross-cap glued to its inner boundary). As before, we will assume that the root dart is the leftmost dart incident to the root vertex. The recurrence relation for the numbers m
n,k of such maps with n darts and the root of degree k has the following form:
(m Indeed, the first two summands are analogous to the corresponding summands in (19) and describe the cases of the root dart being a half-edge and the root edge joining the root vertex with a vertex in the interior of the surface. The third summand in the right-hand side of (20) describes maps in which the root edge goes through the cross-cap (Figure 9(a) ). In this case cutting along this edge, inverting one of the obtained parts and gluing these parts back yields a quotient map on a disc (Figure 9(b) ). The multiplier (d − 1) has the same combinatorial meaning as the analogous multiplier for maps on the projective plane (see [7] ).
The fourth summand in the right-hand side of (20) describes the situation when the root edge goes thought the cross-cap and joins the root vertex x, incident to k internal darts, with a different vertex y lying on the boundary (Figure 9(c) ). The vertex y can have or not a boundary edge both on its right (i 1 = 1 or i 1 = 0) and on its left side (i 2 = 1 or i 2 = 0). It can also have some amount k ′ of interior darts lying to the right of the root edge {x, y}. So, for the map depicted on Figure 9 (c), i 1 = 1, i 2 = 0, and k ′ = 1. Contracting the root edge yields a map on a disc with a new root vertex x ′ and an additional distinguished vertex y ′ on its boundary (Figure 9(d) ). All darts incident to y and lying on the right of the root edge will be incident to the new root vertex x ′ , whereas darts that lied to the left of it will be incident to the distinguished vertex y ′ . Note that after this operation the vertex y ′ cannot have an incident boundary edge on its right side. The number of maps with such properties in the formula (20) is denoted by d (i 1 ,{0,i 2 }) n−2,k−1+k ′ . The next summand in (20) enumerates maps with the root edge being a loop that doesn't go through a cross-cap. If the crosscap lies inside this loop, contracting the loop yields a map on a disc and a map on a projective plane (Figure 9(e) ). If the loop does not enclose the crosscap, contracting it yields a sphere and a Möbius band. These cases correspond to the summands d (20), where p n,k is the number of projective plane maps with k darts incident to the root and n darts in total.
Finally, the last two summands in the right-hand side of (20) describe the situation where the root edge joins the root vertex x with another vertex y on the boundary and does not pass through the cross-cap (Figure 9(f) ). Depending on the side of the root edge which the cross-cap lies in, we obtain one or another summand in (20) . Here the numbers m (1) n,k enumerate maps on a Möbius band which are defined analogously to the maps on a disc enumerated by d (1) n,k . As the example of a Möbius band shows, for non-orientable surface there is also an additional possibility that the root edge would go through a crosscap (Figure 9(a) and 9(c) ). Consequently, instead of five cases of contracting the root edge for the root vertex x in the interior and eight cases for the root vertex x on the boundary, for non-orientable surfaces we will have six and ten cases, correspondingly.
It's also important to note that for the case of maps on non-orientable surfaces it is convenient to derive recurrence relations which enumerate maps regardless of orientability, that is, enumerate maps on orientable and non-orientable surfaces together [23] . The number of maps on non-orientable surfaces can then be obtained by subtracting the number of maps on non-orientable surfaces from this result.
